Abstract. If G is a compact group with w(G) = a ≥ ω, we show the following results:
Introduction
Our aim in this note is the investigation of the measure theoretic structure of a compact group. We have been motivated by the following classical results of Kuzminov [Kuz] , every compact group G is a dyadic space (i.e., a continuous image of a space of the form {0, 1} a ) and Sapirovskii, [Co-Ho-Re] , every compact group G admits a continuous mapping onto the cube [0, 1] a , where a = w(G). Both of these results are purely topological and do not involve the group structure of G.
In the first section of this note we show (after replacing the spaces {0, 1} a and [0, 1] a by proper direct products of compact metric groups) that we can choose the continuous surjections of both of the above theorems to be open and to respect Haar measure (Theorems 1.1 and 1.4). In fact we show that in a certain sense they are very close to being continuous epimorphisms (see Remarks 1.2, 1.5 and Corollaries 1.3, 1.6).
M.M. Choban has proved that every compact group is Baire isomorphic to a direct product of compact metric groups [Ch] . In a recent paper, the first named author proved that this Baire isomorphism can be constructed so that it takes Haar measure to Haar measure [G 2 ]. In the second section of this paper we deal with an improvement of this result. We show that this isomorphism has the further property to be a "Jordan" isomorphism (see Def. 2.6 and Theorem 2.13). This particularly implies that the space of Riemann integrable functions on a compact group is isometric to the space of Riemann integrable functions on a product of compact metric groups (Corollary 2.15).
Several applications of the above results are given. Among these we mention Theorem 1.10 (a direct proof of the existence of a strong lifting on a compact group) and Theorem 2.17 (a rather illuminating proof of the existence of a uniformly distributed sequence on a compact separable group).
Preliminaries and notation. We shall denote by ω(= {1, 2, . . . }) the (cardinality of the) set of natural numbers, by ω + the first uncountable cardinal, and by c the cardinality of the continuum. If S is any set we denote by |S| its cardinality. By a compact space (resp. compact group) we mean a compact Hausdorff topological space (resp. compact Hausdorff topological group). If X is any (compact) space then by w(X) we denote the topological weight of X. By the term Haar measure on the compact group G we mean the normalized Haar measure (usually denoted by λ G ) on G.
In the present paper we shall repeatedly use the following classical results concerning compact groups. [Pr, Th. 6.5.6 . Using the fact that |C i | < ω for each i ∈ I, we get that w(H i ) = ω for all i ∈ I; since A is a topological subgroup of G, we conclude that w(G) = max{w(A), ω, |I|} (cf. the proof of Th. 2.4 of and the proof of Th. 6.5 of [Co-Re] ). (Mostert, [Mos, Th. 8]) . Let G be a compact group and G 0 the connected component of G. Then G is homeomorphic to G/G 0 × G 0 .
Theorem (A)

]). Let G be a (non-trivial) compact connected group and
Theorem (B)
Some further remarks concerning this result are stated below. P. Mostert has in fact proved that if G is a compact group and G 0 is a closed subgroup of G such that the quotient G/G 0 is a totally disconnected space, then there exists a continuous mapping (a full cross section) f : G/G 0 → G such that π(f (ẋ)) =ẋ for eachẋ ∈ G/G 0 , where π : G → G/G 0 : x →ẋ is the canonical map. It then easily follows that the map Φ : G/G 0 × G 0 → G defined by the rule Φ(t,ẋ) = f(ẋ) · t, is a homeomorphism between G/G 0 ×G 0 and G. If G 0 is in addition a normal subgroup of G and we denote by λ, a, β the Haar measure on G, G/G 0 , G 0 , respectively, then it can be proved by using standard results that Φ(a ⊗ β) = λ (see for instance [D], 14.4.1, 14.4.2, p. 266 and also [G 1 ], Remarks 3.5.1). In the case when G 0 is the connected component of G, it is well known that the quotient group G/G 0 is totally disconnected and hence we get Theorem (B) (with the further property concerning Haar measure).
If X is any compact space we denote by P (X) the set of Radon probability measures on X. A Radon measure µ on X is said to be completion regular if for every Borel subset A of X there exist Baire sets B, Γ such that B ⊆ A ⊆ Γ and µ(Γ \ B) = 0. It is well known that the Haar measure on a compact group (and also any strictly positive product measure on a product of compact metric spaces) is completion regular. Let µ ∈ P (X). A bounded function f : X → R is said to be µ-Riemann integrable if the set of points of discontinuity of f has µ-measure zero. It follows from Lusin's theorem that each µ-Riemann integrable function is µ-measurable (and thus µ-integrable). A subset A of X is called µ-Jordan measurable if its characteristic function X A is µ-Riemann integrable. It is well known that: (i) The set J µ (X) of µ-Jordan measurable sets is a Boolean algebra with the usual set-theoretic operations (called the algerba of µ-Jordan measurable sets), and (ii) the set of open (resp. open and Baire) members of J µ (X) is a basis for the topology of X (see [K-N] , pp. 174-175, [D], pp. 144-145, [L 3 ] and [M] ). Functions which are µ-equivalent to Riemann integrable functions are characterized as follows:
Theorem (C) (see [D, 13.9, ex. 6, p. 144] Let µ ∈ P (X) be a strictly positive measure. We denote by J µ the quotient algebra J µ (X) modulo sets of µ-measure zero and call it the Jordan algebra of µ. It follows from Theorem (C) that J µ can be identified with the subalgebra of the measure algebra B µ of µ, consisting of those classes each containing an open and a closed set simultaneously (see [L 3 ] and [M] ). Let X(J µ ) be the Stone space of J µ and µ the induced probability measure on (J µ and hence on) X(J µ ). It then follows that a continuous and onto mapping π : X(J µ ) → X can be defined such that π(µ) = µ. The mapping π has the following properties:
, Lemma 1 and 2, and also [M] ).
Let X, Y be compact spaces, µ ∈ P (X), ν ∈ P (Y ) and B 1 , B 2 Boolean subalgeras of the measure algebras B µ , B ν respectively. We say that the algebra B 1 is embedded in the algebra B 2 (resp. B 1 and B 2 are isomorphic) if there exists a one-to-one (resp. one-to-one and onto) map φ :
The first of our main results extends and refines a classical result of Kuzminov [Kuz] : Every compact group is a dyadic space, i.e. a continuous image of a space of the form {0, 1} a , where a = w(G) (see also, [H-R], p. 106, [Co] , [Co-Ho-Re] , pp. 93-94 and the references given there). Theorems (A) and (B) stated in the preliminaries will be crucial in the proof of our result as they were in the proof of a similar result of Pelczynski (see Prop. 7.6 of [P] and also [Cl-Mo 1 ], Proof. We first notice that Theorem (B) (and the remarks following it) imply that it is enough to show the theorem in cases (1) and (2) separately. Indeed, let's assume for the moment that cases (1) and (2) 
where id denotes the identity map on i∈I H i , is a continuous epimorphism. This finishes the proof of our assertion. Before we proceed to the proof of the theoren we should notice that: If G is any compact abelian group (of weight a ≥ ω) then it is well known that it is topologically isomorphic to a quotient of a direct product ξ<a G ξ of compact metric (abelian) groups; this result is due to Vilenkin (see [H-R], 25.35, p. 423) . If G is a compact totally disconnected group then it is also well known that G is homeomorphic to the space {0, 1} a , where a = w(G) ≥ ω; this result is due to Ivanovskii (see [H-R] , Th. 9.15, p. 95). Therefore case (2) of our result improves the result of Ivanovskii.
(1) Assume that G is connected. By Theorem (A) there is a family {H i : i ∈ I} of compact (simply connected, simple) Lie groups such that G is a quotient of the product A × i∈I H i , where A is the connected component of the center of G; since A is a compact abelian group, the above mentioned result of Vilenkin (and the equality w(G) = max(w(A), ω, |I|) of the preliminaries) finishes the proof of this case.
(2) Assume that G is totally disconnected. In [G 2 ], Th. 2.3, it is shown that the Haar measure on any compact group is Baire isomorpic to the Haar measure on some direct product of compact Lie groups (see also section 2 of the present paper for an extension of this result). We adapt that proof in order to achieve (whenever G is totally disconnected) a homeomorphism with the same property.
Claim (I) (cf. Lemma 2.1 of [G 2 ] and Lemma 2.11 of section 2 infra). If H is a finite normal subgroup of G, then there is a compact and open set S ⊆ G such that:
the mapping π| s is one-to-one and onto G/H, where π : G → G/H is the canonical map and (hence) (iii) the bijection q :
, is a homeomorphism with q(a ⊗ β) = µ (where µ, a, β denote the normalized Haar measure on G, G/H, H respectively).
Proof of Claim (I).
It is an immediate consequence of the results of Mostert mentioned in the preliminaries. Despite this fact we prefer to give a direct (simple) proof of Claim (I). Since G is a compact totally disconnected group the set of normal open subgroups of G is a neighbourhood basis for the identity e in G (see ). So let F be an open subgroup of G with F ∩ H = {e} (recall that H is finite). We notice that F is compact (because each open subgroup of a topological group is also closed), and also that (as it is readily verified) the map π| F is one-to-one. Therefore π(F ) = π(F · H) is a compact and open subgroup of G/H, topologically isomorphic to F . So if x, y ∈ G, then the sets π(xF ), π(yF ) either are disjoint or coincide. Now it easily follows from compactness that there are y 1 , . . . , y n ∈ G such that the mapping π restricted to the set S = n i=1 y i · F is one-to-one and onto G/H. It is plain that conditions (i), (ii) and (iii) are satisfied by the triplet (S, q, r).
Claim (II) (cf. Lemma 2.2 of [G 2 ] and Lemma 2.12 of section 2 infra). There is a family (H ξ ) ξ≤a of closed normal subgroups of G with
Proof of Claim (II).
We consider the set B of open (and hence compact) normal subgroups of G (we recall that B is a neighbourhood basis for the identity of G).
It is then easily proved that the family {H ξ : ξ ≤ a} has the properties (i) to (iii). In order to finish the proof of (2), set G 0 = G/H 1 and G ξ = H ξ /H ξ+1 for 0 < ξ < a, (hence each G ξ is a finite group) and denote by λ ξ the (normalized) Haar measure on G ξ . By using induction on ξ < a, standard arguments involving projective limits of compact spaces and Claims (I) and (II), we can find a homeomorphism f from the compact group
We omit the details of this proof and instead we refer the reader to [G 2 ] (Th. 2.3).
The proof of the theorem is complete. Remark 1.2. (1) We should notice that a restatement of Theorem 1.1 goes as follows: If G is any compact group with w(G) = a ≥ ω, then there exists a compact group G Haar homeomorphic to G, a direct product ξ<a G ξ of compact metric groups and a continuous epimorphism f :
or abelian then G is topologically isomorphic to G , and if G is totally disconnected then f is the identity map and each G ξ , finite.
(2) The property f ( ξ<a λ ξ ) = λ of the map f of Theorem 1.1 can be put in a more general setting: If ν is any completion regular measure on G (not necessarily the Haar measure) then there exists a completion regular measure µ on
This fact is an immediate consequence of Theorem 1.1 (or its equivalent form stated in Remark 1.2 (1) above) and of Prop. 3.1 in [G 3 ] which says that: If π is any continuous homomorphism from the compact group G 1 onto the compact group G 2 then for every completion regular measure µ 2 on G 2 there is a completion regular measure
An obvious consequence of Remark 1.2 (1) is the following improvement of the above mentioned result of Pelczynski (Prop. 7.6 of [P] ).
Corollary 1.3. Every compact group is Haar homeomorphic to a quotient group of a direct product of a family of compact metric groups (and thus a dyadic space).
The second of the main results of this section is, in a sense, the dual of Theorem 1.1. Proof. We first recall the classical result that, if G is any compact group and U is a neighbourhood of the identity in G then there is a closed normal subgroup H of G with H ⊆ U , such that G/H is a Lie group (see [Mon-Zip] and also [Pr] , pp. 140-141). It clearly follows that we may restrict our attention to the case a ≥ ω + . Using Mostert's result (Theorem (B) ) once again the proof is clearly reduced to cases (1) and (2) separately. The second case has already been proved in Theorem 1.1, so it remains to examine the first case. Assume firstly that G is abelian (connected or not). Then, since w(G) = w( G) = | G| = a ≥ ω + (where G denotes the dual group of G which is of course a discrete abelian group), we get that the rank r( G) of G is equal to | G| (see Th. A.14, A.15, or Th. 2.1 of [Co-Re] ). So there exists an algebraically independent set X of characters of G with |X| = | G| = a. It then follows from a result of D.A. Edwards [E] that (X is a stochastically independent set of random variables for the probability space (G, λ) and hence) the mapping φ :
is a continuous epimorphism (see also [Co-Re] , Lemma 5.4). So we have proved the result for abelian G.
If we assume that G is connected, then from Theorem (A) we get the following
As we have w(G) = max{w(A), ω, |I|}, we distinguish two cases for w(G) = a:
(A). Assume that w(G) = w(A).
In this case we follow Comfort and Remus in order to show the result (cf. the proof of Th. 6.5 of [Co-Re] ). It is easy to see that there is a closed totally disconnected subgroup B of A such that N ⊆ B × C, where N is the kernel of φ. We then have the following chain of continuous epimorphisms,
Since B is a closed totally disconnected subgroup of the compact connected abelian group A, we get w(A) = w(A/B) according to Lemma 6.4 of [Co-Re] , and since the group A/B is abelian, we get, from the above and ( * ), the desired conclusion.
(B).
Assume that w(G) = |I|. Then clearly we can take the epimorphism ψ as the desired map f .
The proof of the theorem is complete. Proof. It is well known that if X is a compact (metric) space and µ an atomless Radon probability measure on X, then there is a continuous onto map g : X → [0, 1] such that f (µ) = λ (see [D] , p. 211, ex. 7). Our assertion is now an easy consequence of this result together with Theorem 1.4 (cf. also the proof of Prop. 2.10 of section 2).
We now proceed to some applications both of Theorems 1.1 and 1.4. 
Since there is a gap in the proof of that theorem given in [G 1 ] we are going to give (using our methods) a simple proof of this: Indeed, let p, q be the continuous open surjections of Proposition 1.7. Then it follows from Prop. 1 of [C-F] 
a ). Now if we apply Lemma 1 and Corollary in [C-F] (which together imply that, for a continuous surjection f : X 1 → X 2 between compact spaces X 1 , X 2 that maps compact G δ sets to compact G δ sets we have J(X 2 ) ≤ J(X 1 )) we immediately get the conclusion. A well known theorem of A. and C. Ionescu Tulcea [I-T] says that the Haar measure on every locally compact group admits a (left) invariant lifting. As far as we know there is no simplification of the deep and elaborate proof of this theorem, and there is no shorter proof of the existence of just a strong (not necessarily invariant) lifting for the (normalized) Haar measure on a compact group. In the sequel we shall give a rather simple proof of this last result as an application of Theorem 1.1.
Theorem 1.10. ([I-T])
The Haar measure on a compact group G admits a strong lifting.
Proof. It follows from Corollary 1.3 that G is Haar homeoomorphic to a quotient group of a direct product of compact metric groups. So it is enough to prove the theorem for a group of the form G 1 /H, where G 1 is topologically isomorphic to a direct product of compact metric groups (and H a closed normal subgroup of G 1 ). Denote by λ, λ H , µ the Haar measure on G 1 , H, G = G 1 /H respectively, π : G 1 → G the canonical map, and let ρ be a strong lifting for λ (see Th. 5, Ch. VIII of [I-T] ). It follows from [I-T] that it is enough to find a linear strong lifting for µ. We define for eachẋ ∈ G a probability measure λẋ on G 1 by the rule,
Since the family {λẋ :ẋ ∈ G } is µ-adequate and λ = λẋdµ(ẋ) (see [I-T] and [B] ), it follows that for every g ∈ M ∞ µ (= the space of µ-measurable bounded functions on G ) the map,
), is µ-measurable (and bounded). Then it is easy to see that the map :
g → g defines a strong linear lifting for the measure µ. Note. The method of the construction of the strong lifting for the Haar measure on the quotient group G 1 /H is based on ideas of Kupka (see the "projection theorem" of [Ku] ).
The problem of whether the Radon product measure of two Radon completion regular Radon measures is again completion regular, is a central problem in Topological Measure Theory. If we restrict ourselves to (compact) dyadic spaces the answer to this problem is positive (see [F-G] and the references given there); the proof of this fact does not seem to become simpler in the special case of compact groups. But as we shall see it is an easy consequence of Theorem 1.1. Theorem 1.11. Let G 1 , G 2 be compact groups and µ 1 , µ 2 completion regular Radon measures on G 1 , G 2 respectively. Then the Radon product measure µ 1 ⊗ µ 2 is completion regular on the group G 1 × G 2 .
Proof. It clearly follows from Remark 1.2. (2) that µ 1 ⊗ µ 2 is a continuous open image of a product measure µ 1 ⊗µ 2 , where each µ i , i = 1, 2, is completion regular on a direct product of compact metric groups. Since the measure µ 1 ⊗ µ 2 is completion regular (see [Gr] ), it follows from Lemma 1 of [C-F] that µ 1 ⊗ µ 2 is also completion regular (cf. also the proof of Proposition 1.8 and of Theorem 1.9).
2.
As we already mentioned in the first section of the present paper, the Haar measure λ G on a compact group G is Baire isomorphic to a product measure µ on a product X = ξ<a X ξ (a = w(G)) of compact metric spaces (see Th. 2.3 of [G 2 ] and also the proof of Case (2) of Theorem 1.1). The aim of this section is to prove a stronger result, in fact that the Baire isomorphism between G and X can be chosen to be a Jordan isomorphism (a concept that will be defined hereunder); this particularly implies that the Jordan algebras J λG , J µ of λ G and µ respectively are isomorphic. The proof of this result is a refinement of the proof of the original result given in [G 2 ] (Th. 2.3).
Definition 2.1. Let X be a compact space and µ ∈ P (X). It is clear that if B ⊆ J µ (X) is a set of generators for J µ (X) (and µ is strictly positive) then the set B = { B ∈ B} is a set of generators for J µ .
Remark 2.2. Let µ be a strictly positive (Radon probability) measure on the compact space X, and also let A ⊆ X with the property that for every ε > 0 there exist
Then it is easy to show by using Theorem (C) (of the preliminaries) that there exists A ∈ J µ (X) with A ∼ A . Proof. It easily follows using the definitions and standard results.
Proposition 2.4. Let X be a compact space, µ ∈ P (X) and B be a basis for the topology of X consisting of open µ-Jordan measurable sets that is closed for finite unions. Then B is a set of generators for the algebra J µ (X).
Proof. Let A ∈ J µ (X) and ε > 0. It follows from the inner regularily of X that there is a compact set K ⊆ A 0 such that
Since B is a basis for the topology of X closed for finite unions and K is compact, there is U ∈ B with K ⊆ U ⊆ A 0 ; hence (since µ(A) = µ(A 0 )) we get that
In a similar way we can find V ∈ B with A ⊆ V and such that,
It follows from (1), (2) and (3) 
Remark 2.5. (1) If X is a compact space and µ ∈ P (X), then it follows from the above proposition (and from the preliminaries) that the class of open (resp. open and Baire) µ-Jordan measurable sets is a set of generators for J µ (X).
(2) Let {X ξ : ξ < a} be a family of compact spaces and also let µ ξ ∈ P (X ξ ) for ξ < a. We set X = ξ<a X ξ and µ = ξ<a µ ξ for the Radon product measure on X. We consider the class B of basic open sets U in X of the form U = We now introduce the concept of Jordan measurability and examine its elementary properties; we also give some examples. We also admit isomorphisms mod(0), i.e. transformations f that became oneto-one and onto after discarding sets of measure zero from X and Y . (2) If f : X → Y is a homeomorphism such that f (µ) = ν, then trivially f is a Jordan isomorphism.
(3) A generalization of the second example is of interest for our purposes: Let µ, ν be strictly positive (Radon probability) measures on X and Y respectively. Suppose that there exist measurable sets A ⊆ X, B ⊆ Y with µ(A) = ν(B) = 1 and a homeomorphism f from A onto B such that f (µ) = ν. Then it follows from Theorem (C) (of the preliminaries) that f is a Jordan isomorphism (an isomorphism mod (0)) between X and Y . For instance, let I = [0, 1] be the unit interval endowed with the Lebesgue measure λ, also let X be any compact metric space and µ an (strictly positive) atomless measure on X. Then it is well known that there exist measurable sets A ⊆ X, B ⊆ [0, 1] with µ(A) = λ(B) = 1 (in particular B can be chosen so that its complement is a countable set) and a homeomorphism f from A onto B such that f (µ) = λ (see [D] , p. 211, ex. 7 (c)). It follows that (X, µ) is Jordan isomorphic to (I, λ).
The following proposition has a routine proof. Proposition 2.8. Let X, Y be compact spaces, µ ∈ P (X), ν ∈ P (Y ) strictly positive measures and f : X → Y a measure preserving (resp. an invertible measure preserving) transformation. If f is Jordan measurable (resp. a Jordan isomorphism) then the mapping,
is an isomorphic embedding of J ν into J µ (resp. an isomorphism between J ν and J µ ).
Remark 2.9. Let X, Y be compact spaces and, µ ∈ P (X), ν ∈ P(Y ) strictly positive measures. If the Jordan algebras J µ and J ν are isomorphic, then the Stone representation spaces X(J µ ), Y (J ν ) of J µ , J ν respectively are homeomorphic by a homeomorphism f such that f (µ) = ν. This is an immediate consequence of Stone's representation theorem and of the definition of the measure µ on X(J µ ) (see the preliminaries).
The following result asserts that the "Jordan type" of any product measure on an infinite product of compact metric spaces, only depends on the number of the spaces.
Proposition 2.10. Let {X ξ : ξ < a}, a ≥ ω, be a family of compact metric spaces each having at least two points, and also let µ ξ ∈ P (X ξ ) be a strictly positive measure, for ξ < a. We set X = Proof. It is clear that the product measure µ is strictly positive and (since a ≥ ω) atomless. We divide the proof into two parts:
(I) We first assume that a = ω. Then clearly the space X is metrizable and since µ is strictly positive and atomless it follows from the classical result stated in Examples 2.7 (3) that (X, µ) is Jordan isomorphic to (I, λ) (the unit interval I endowed with Lebesgue measure λ). Proposition 2.8 finishes the proof of this case.
It follows in particular from the previous remarks, that if X is a given compact metric space and µ a strictly positive atomless (Radon probability) measure on X, then its Jordan algebra J µ is isomorphic to the Jordan algebra J ν of the Cantor space {0, 1} ω endowed with the usual product measure ν. We conclude from this observation the existence of a stochastically independent sequence {V n : n = 1, 2, . . . } of µ-Jordan measurable sets with µ(V n ) = 1/2 for n = 1, 2, . . . , such that the Boolean algebra generated by the sequence { V n : n = 1, 2, . . . } is a set of generators for J ν .
(II) We assume that a ≥ ω + . We notice that we can assume without loss of generality that each µ ξ is atomless. (For if not, then if we consider a partition of the cardinal a into a-many countably infinite sets {I ξ : ξ < a} and set
µ n , then every Z ξ is compact metric and each ν ξ is atomless on Z ξ ; finally let Z = ξ<a Z ξ and µ = ξ<a µ ξ . It is clear that (X, µ) ∼ = (Z, ν), hence we can work with the measurable space (Z, ν)). It follows from Proposition 2.3, that it is enough to find a stochasticaly independent family F = {V ξ : ξ < a} of µ-Jordan measurable sets, with µ(V ξ ) = 1/2 for ξ < a, such that the Boolean algebra generated by this family is a set of generators for J µ . We consider, for each ξ < a, a stochastically independent sequence {U n ξ : n < ω} of µ ξ -Jordan measurable sets with µ ξ (U n ξ ) = 1/2 for n = 1, 2, . . . , such that the Boolean algebra derived from this sequence is a set of generators for J µ ξ (this follows from case (I) above). We
then it is easily verified using Remark 2.5 (2), that F has the desired properties. In order to prove the principal result of this section we shall need both of the following lemmas. The first one refines Lemma 2.1 of [G 2 ] and the second is (exactly the same with) Lemma 2.2 of [G 2 ] (cf. also Claim (II) in the proof of Theorem 1.1 of section 1). 
Baire isomorphism such that:
homeomorphism from U × H onto r(U ) · H and (thus) (c) q is a Jordan isomorphism between G/H × H and G.
Proof. By a well known result of Gleason, there exists a compact set F ⊆ G such that π| F is one-to-one and the set π(F ) = V is a neighbourhood of the identity e in G/H (see Th. 1 in section 5.4 of [Mon-Zip] ). Since each point of G/H has a basis of neigbourhoods consisting of compact (or open) Baire λ G/H -Jordan measurable sets (see the preliminaries and Remark 2.5) we may assume that V is compact Baire and λ G/H -Jordan measurable. We set Q = F · H; therefore Q = π −1 (π(F )) = π −1 (V ) is a compact Baire λ G -Jordan measurable neighbourhood of the identity in G and also F is a Baire set in G. 
the set U is an open set of measure λ G/H (U ) = 1. It is obvious from the above that each point of U is a point of continuity of the mapping r. Since π| r(U) is obviously continuous on r(U ), we get (iii). It follows from our construction that the mapping q is a Baire isomorphism between the topological spaces G/H × H and G that satisfies (a) (see also Remark 5.1 of [G 1 ] and the preliminaries). Condition (b) is an easy consequence of (iii) and the definition of q. Condition (c) is an immediate consequence of (a) and (b). The proof of the lemma is complete.
The main tool for the proof of the following lemma is the classical fact (already mentioned in the proof of Theorem 1.4) that every neighbourhood U of the identity e of a compact group G contains a closed normal subgroup H such that the group G/H is Lie. If X is a compact space and µ a strictly positive Radon probability measure on X, then the space R(X, µ) of µ-Riemann integrable functions on X is defined as the subspace of L ∞ (µ) consting of those classes of bounded µ-measurable functions which contain a µ-Riemann integrable function. It easily follows from Theorem (C) that R(X, µ) is a closed subspace (in fact a subalgebra) of L ∞ (µ). It is also proved by using standard results, that R(X, µ) is isometric to the Banach space C(X(J µ )). Now it clearly follows from Corollary 2.14 together with Remark 2.9 the following, Corollary 2.15. If G is any compact group with w(G) = a ≥ ω, then the space
We notice that the above corollary should be compared with the following result of Pelczynski ([P] , Th. 8.9): If G is a compact group with w(G) = a ≥ ω, then the Banach spaces C(G) and C({0, 1} a ) are isomorphic. Note. Theorem 2.13 should be compared with both the principal results of section 1. Theorems 1.1 and 1.4 together assert that the Haar measure on any compact group G is enclosed between two product measures (each on some product of compact metric spaces) by means of two continuous and open surjections. Theorem 2.13 says that the Haar measure on G is just isomorphic to a proper product measure (on some product of compact metric spaces) by a Baire and Jordan isomorphism. If G is totally disconnected then from case (2) of Theorem 1.1 this isomorphism becomes a homeomorphism.
It is easy to verify that if two Radon probability measures have isomorphic Jordan algebras then they also have isomorphic measure algebras and hence the same Maharam type (see Proposition 2.3). The converse is not true as it follows from the examples which we shall describe.
Examples. (1)
For every infinite cardinal a, there exist a compact space S and two strictly positive Radon probability measures on S, homogeneous of Maharam type a, the Jordan algebras of which are not isomorphic. Indeed, let X = {0, 1} a and λ be the (normalized) Haar measure on X. We consider a strictly positive Radon probability measure µ on X, homogeneous of Maharam type a but not equivalent to λ (that is, λ and µ do not have the same negligible sets) (cf. [I-T], ch. VII, Ex. 2). Let (S, ν) be the Stone space (hyperstonian) of the measure space (X, µ) and π = π µ : S → X the canonical map (see [I-T] , ch. IX and [Di] ). It is clear that there exists a Radon probability measure σ on S, homogeneous of Maharam type a, such that π(σ) = λ; such a measure of course is not equivalent to ν. We notice that we can assume that σ is strictly positive (for if not, we could replace and work with the measure 1 2 ν + 1 2 σ). The measures ν and σ on S have the desired properties, because ν is a normal measure [Di] (hence its Jordan algebra is identified with its measure algebra, which is order complete), but on the other hand σ is not normal (since it is not equivalent to ν).
(2) For still another example of this kind, we need the concept of countably determined measures: A Radon (probability) measure µ on a compact space X is said to be countably determined (resp. uniformly regular) if there exists a sequence (K n ) of compact (resp. compact G δ ) subsets of X, such that for every open subset U of X and each ε > 0 there exists n ∈ ω such that, K n ⊆ U and µ(U \ K n ) ≤ ε. (see references in [M] ; see also [M] , Def. 1.1 and 1.5 (i)). It is easy to see that there exists a strictly positive, atomless, countably determined measure µ on the space X = {0, 1} c ; such a measure µ is not uniformly regular, because the space X admits no uniformly regular measure (see [M] , Remark 2.18). It then follows from Theorem 1.7 of [M] that the Jordan algebra J µ of µ is not isomorphic to the Jordan algebra J λ of the unit interval I = [0, 1] endowed with Lebesgue measure λ, despite the fact that the measures µ and λ have the same (countable) Maharam type (see also Th. 1.9 and Remark 1.10 of [M] ).
As an illustration of our methods, we shall give a proof (in fact two proofs) of the well known result (the general case of which is due to Veech) concerning the existence of uniformly distributed sequences in compact groups (see [V] , also [K-N] Coroll. 5.4, pp. 301-302 and p. 235). We recall that a sequence (x n ) in a compact space X is said to be µ-uniformly distributed (µ-u.d.) in X with respect to the measure µ ∈ P (X), if for all continuous functions f : X → R we have, We notice that if X is compact metric then, every µ ∈ P (X) admits a µ-u.d. sequence [K-N] ; the same holds true for each (compact) dyadic space X with w(X) ≤ ω + [L 1 ]. We also refer the reader to [M] for further classes of compact spaces with the same property. Proof. We shall need the following.
Claim. If X = ξ<c X ξ is a product of at most c compact metric spaces (with |X ξ | ≥ 2 for all ξ < c), and µ ξ is a (strictly positive) Radon probability measure on X ξ for all ξ < c, then the Radon product measure µ = ξ<c µ ξ on X admits a µ-u.d. sequence.
Proof of the Claim. Since by Proposition 2.10 the Jordan algebra J µ is isomorphic to the Jordan algebra of the usual Lebesgue product measure λ on the qube Ω = [0, 1] c , it follows by Remark 2.9 and Lemma 2.16 that it is enough to show the existence of a λ-u.d. sequence in Ω. So let L be a subset of the real numbers of cardinality c such that the set L ∪ {1} is linearly independent over the rationals (clearly every element of L is an irrational number). By identifying the set L with its cardinal c, we define a sequence (x n ) in Ω in the following way: x n (θ) = nθ−[nθ], for n = 1, 2, . . . and θ ∈ L (where [x] denotes the integral part of the real number x). It then follows from standard results that the sequence (x n ) is λ-u.d. in Ω (see [K-N] , ch. 1, par. 6, pp. 47-50, and also [H-R], 26.19, 26.20, pp. 435-438) . Now we are ready to complete the proof of the theorem. We first notice that if the Haar measure λ G on a compact group G admits a u.d. sequence then (since λ G is strictly positive) G is necessarily separable and thus w(G) ≤ c. We also notice that if f : X → Y is a continuous surjection between the compact spaces X and Y , µ ∈ P (X), and (x n ) is a µ-u.d. sequence in X, then y n = f(x n ), n = 1, 2, . . . , is f (µ)-u.d. in Y . So, our assertion follows immediately either from the Claim and Theorem 1.1, or from the Claim together with Corollary 2.14, Remark 2.9 and Lemma 2.16.
We conclude with the following questions:
(1) Let G be a compact non-metrizable group. Does there exist a (compact) neighbourhood of the identity in G which is homeomorphic to a (compact) neighbourhood of the identity in some direct product of compact metric groups? If G is totally disconnected the answer is of course positive. Of special interest are the cases of connected or abelian G.
(2) Does there exist a strictly positive Radon probability measure µ on the space X = {0, 1}
a , a ≥ ω + , homogeneous of Maharam type a such that the Jordan algebra J µ of µ is not isomorphic to the Jordan algebra J λ of the usual product measure λ on X? Of special interest is the case ω + ≤ a ≤ c. We notice that a similar question has been posed in [M] .
